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Abstract. In this paper, we study the intrinsic mean curvature 
flow on certain closed spacelike manifolds, and prove the existence 
of hyperbolic structures on them. 



I. Introduction 

Recall that a Riemannian manifold (M, g) is hyperbolic if it has con- 
stant negative sectional curvature. These manifolds all come from the 
quotient of hyperbolic space H n by discrete isometry groups. However, 
it is difficult to find a good intrinsic characterization on the existence 
of hyperbolic structures on a given manifold. First, we know that some 
negatively pinched Riemannian manifolds can not admit hyperbolic 
metric. In [TJ, for n > 4, the counterexample contrasts sharply with 
the pinching theorem of positively curved manifolds. In [13], it was 
shown that for n > 10 the space of negatively curved metric on some 
n-manifold is highly non-connected. This implies that for a given nega- 
tively curved metric, it is not always possible to deform it into a metric 
with constant negative curvature by any geometric flows. 

In this paper, motivated by Lorentzian geometry, we will show that 
the hyperbolic structure exists naturally on a large class of spacelike 
manifolds. The motivation is the following. It is well known that 
the imaginary unit sphere of Minkowski space IR 1 '" is the model of 
hyperbolic spaces, where under Cartesian coordinates (x ,^ 1 , • • • ,x n ) 
on M 1,n , the Minkowski metric is 

g = -(dx°) 2 + (dx 1 ) 2 + ■■■ + (dx n ) 2 

and the equation of imaginary unit sphere is 

-(x^ + (x 1 ) 2 + --- + (x n ) 2 = -l. 

This can be seen from Gauss-Codazzi equations 

Rijki — (huhjk — hikhji) = 
Vih jk - Vjh ik = 
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where is the second fundamental form, and equals to g^ on the 
imaginary unit sphere. In this paper, we are interested in an intrinsic 
generalization of this model. 

Definition 1.1. We call a triple (M, g^, hij) a spacelike manifold, if 
(M,gij) is a Riemannian manifold, and h^ is a symmetric tensor sat- 
isfying the Gauss-Codazzi equations 

Rijki — {huhjk — hikhji) = 
Vihjk — Vj/ijfc = 0. 

Now we state the main theorem of this paper in the following. 

Theorem 1.2. Let (M,g,h) be a n- dimensional (n > 4) closed space- 
like manifold with > 0, then M admits a hyperbolic metric. 

The idea is to use geometric flows. We define an intrinsic mean 
curvature flow of (g,h): 



^9ij r, p _i_ ot h. mn 

^J^ij T 61 Hm' <"nj g 

dh ■ 

*J A I. p U „mn p i mn 

LAIlij ±>'imi<"njg **'jmi<"nig 



dt 



^h ik hi m h n jg kl g mn — \A\ 2 hij 



with g i j(x,0) = cjij(x), hij(x,0) = hij(x), where (jij(x) is the initial 
metric on M and hij(x) is the initial data of hij and \A\ 2 = g lk gi l hijhki- 
Mean curvature flow has been intensively studied in recent years (see 
[3 J for Euclidean ambient space and [10] for Minkowski ambient space) . 
Notice that in extrinsic mean curvature flow (with ambient space M 1 '"), 
we deform the position vector F by the evolution equation 

dF 

and (jl.ip is just the equations of the metric and the second fundamental 
form. Here, our observation is that (II. ip itself is also an intrinsicly 
defined evolution system of (g, h), and it has its own right to be studied. 
In this paper, we solve (11.11) intrinsicly and show that the solution exists 
for all time [0, oo) and converges (after normalization) to a hyperbolic 
metric. 

Acknowledgement I am grateful to my advisor Professor B.L.Chen 
for his guidance. 

2. Short-Time Existence and Uniqueness 

Since (II. ip is not a strictly parabolic system, in order to apply theory 
of strictly parabolic equation to get short time existence, we use a 
trick of De Turck by combining our evolution equation (II. ip with the 
harmonic map flow. 
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Let (M n , Qij{x)) and (N m , s a p(y)) be two Riemannian manifolds, 
F : M n — > N m be a map. The harmonic map flow is the following 
evolution equation for maps from M n to N m , 

| ^F(x, t) = AF(x, t), for x G M n , t > 0, 
\f(x,0)=F(x), for x G M n , 

where A is defined by using the metrics gij(x) and s a p{y) as follows 
AF a (x,t)=gV(x)V l V j F a (x,t), 

and 

(2 2) V V F Q frr f) = — - T k — — + T a — — — — 

1 J Vl Vj 1 ' } ~ dx^dxi « dx k + & dx* dxi ' 

Here we use {x 1 } and {y a } to denote the local coordinates of M n and 
iV m respectively, and the corresponding Christoffel symbols of 
Qij and s a p. The harmonic map flow is strictly parabolic, so for any 
initial data, there exists a short time smooth solution. 

Let (gij(x, t), hij(x, £)) be a complete smooth solution of our evolution 
equation ( 11 .11) , then the harmonic map flow coupled with our evolution 
equation is the following equation: 

(2 3) { ^ = AiF(x ' ^ ' for x G M n , £ > 0, 

[ F(ac, 0) = identity, for ac G M n , 

where A t is defined by using the metrics gij(x,t) and s a p(y). 

Let (F~ l )*g and (F~ l )*h be the one-parameter families of pulled 
back metrics and pull back tensors on the target (N n ,s a p). Denote 
g a p{y,t) = ((F~ 1 )*g) al3 (y, t) and h a p(y,t) = ((F" 1 )*/^?/, t). Then 
by direct calculations, g a /3(y,t) and h a p(y,t) satisfy the following evo- 
lution equation: 

' dg af3 



(2.4) 



-(2/, £) = -2R aP (y, t) + 2h aa h pf3 g°P + V a T^ + 



a/3 



(y, t) = Ah a p(y, t) - R a ah pl3 g ap - Rp a h pa g (7p 

a/3 



+ 2h aX h tMU h pf3 g^g vp -\A\ 2 h 



where V a = g^{T^(g) - f$ 7 (s)), T^(^) and f^(s) are the Christof- 
fel symbols of the metrics g a /3(y,t) and s a p(y) respectively. Here we 
analysis the principle part of the right side of (12.41) . One can see 



Q2 a 

-9^^ — TT— + (lower order terms) 



- 2R aP (y, t) + 2h aa h pP g cp + V a Vp + V p V a 

d 2 g a p 
dy^dy u 



and 



Ah af3 (y,t) - R a(7 h p pg ap - Rp a h pa g (7p 
- g \dy»dy» dy» aP dy» 



+ g^ u q a h^p + g^ - p h ia + (lower order terms) 



d 2 h 

g^ v — _|_ (lower order terms). 



dy^dy v 



Hence 



(2.5) 



' a/3 -(y,t) = g^ ^^f + (lower order terms) 



dt ' dy fl dy u 
dh n R , . s d 2 h 



,/3 (y, t) = g pu — — + (lower order terms) 



dt ' dy p dy h 

and we know (12.41) is a strictly parabolic system. By theory of strictly 
parabolic equations, for any initial data (12.41) exists a smooth short 
time solution. 

So we can recover the solution (g, h) for the original evolution equa- 
tions from the solution (g, h) as following. Let (N n , s a p) = (M n , g a p{-, 0)) 
and since 

(2.6) V a = g^(T^(g) - f^(s)) = —(AF o F -1 )", 
thus 

dF 

(2.7) St=- V ' F - 

Now once having g aj 3,we know V and we can solve ( 12.7ft which is just 
a system of ordinary differential equations on the domain M. Hence 
(g, h) can be recovered as the pull-back g = F*g and h = F*h. 

Now we claim the solutions of ( 11. ip with given smooth initial con- 
ditions on a compact manifold are unique. For suppose (gi,hi) and 
(#2, h-i) are two solutions which agree at t = 0. We can solve the cou- 
pled harmonic map flow (12. 3p for maps F\ and F 2 with the metrics 
gi and gi on M into the same target iV with the same fixed s, and 
starting at the same initial data. Then we have two solutions g\ and gi 
on N with the same initial metric. By the standard uniqueness result 
for strictly parabolic equations, we have (gi,hi) = (#2,^2)- Hence by 
(12. 6p the corresponding vector fields V\ = V 2 . Then the solutions of 
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the two ODE systems 

— — = -Vi o Fx and -7— = -V 2 o F 2 
at at 

with the same initial values must coincide, and hence two solutions of 

(gi, hi) = F*(gi_, hi) and (g 2 , h 2 ) = F*(g 2 , h 2 ) 
must agree. 



3. Preserving Gauss-Codazzi Equations 

In this section, we will show that the Gauss-Codazzi equations are 
preserved under flU}. Let G m = R ijkl - {h a h jk - h ik hji) and C ijk = 

Proposition 3.1. If the tensor hij satisfies Gauss's equation and Co- 
dazzi's equation 

Rijkl — {huhj k — h ik hji) = 
^ih jk - Vjh ik = 

at time t = 0, then it remains so for t > 0. 

Proof. By direct calculations, we have 

ofi = ~2 gkl VAdt 9 V + Hm 9 «) - Hoi 9 - 



9 R - n 9 F? h 4- 99hk F? h 

m R ^ H ~ 9hk dt R ^ + ~W R ^ 

With these identities we get 
d 

-Q^Rijki — VjVfc-Rjj — ViViRj k — V jV k Rn + V jViR ik 

- Vtfkih^g™) + ViV^h^g™) 
+ V, V k (h im h nl g mn ) - V^^h^g™) 

— Rijks{Rti — h tm h n ig mn )g st — Rij S i(R tk — h tm h nk g mn )g st 

and the following identity 

^Rijki = —2(BijU — Biji k — Buj k + B ik ji) 

+ ViVkRji - ViViR jk - VjVkRa + VjViR ik 

-I- f? R n mn _i_ p ¥} n 

~r~ J^mjkl^nig < -^imkl^nj i/ 
5 



./mil 



where B ijk i — R m ij S R n kit9 mn 9 st - 
Then we obtain 

(y-Q^ — ^jRijki — 2(Bijki — Bijik — Buj k + B ikj i) 

= — Rijks(Rti — h tm h n ig mn )g st — Rij S i(R t k — h tm h n kg mn )g st 

(3.1) — R S jki{Ru — h tm h ni g mn )g st — R isk i(R t j — h tm h n jg mn )g st _ 

E> h h r ,mn ri st ~Q h h „mn „st 

— Jr ^sjkl n 'tm n 'ni9 9 — Jr ^iskl ri 'tm, rl nj9 9 

- V % V k (h 3m h nl g mn ) + VNith^Kkg™) 

+ V 3 V k (h mi hni9 mn ) - VjVi(h im h nk g mn ) 

To simplify the evolution equations, we will use a moving frame 
trick. More precisely, let us pick an abstract vector bundle V over M 
isomorphic to the tangent bundle TM. Choose an orthonormal frame 
F a = F^-^, a — 1, • • • , n of V at t — 0, then evolve by the equation 

^Fi = 9 ij {Rik-h jm Kkg mn )F k a - 

Then the frame F = {F\, • • • , F a , • • • , F„} will remain orthonormal 
for all time. In the following we will use indices a, b, • • • on a tensor 
to denote its components in the evolving orthonormal frame. In this 
frame we have the following: 

— Robed — 2(B a bcd — B ahdc — B adcb + B acbd ) 

(3.2) = _ Rsbcdhtmhnag mn g St ~ Rascdht m h nb g mn 

- V a V c {h brn h nd g mn ) + V a V d {h bm h nc g mn ) 
+ V b V c {h am h nd g mn ) - V b V d {h am h nc g mn ) 



and 



By calculations, we have 

— ^j{R a bcd — (h ad h bc — h ac h bd )} 
= 2(B abcd — B abdc — B adcb + B acbd ) 

— Rsbcdhtmh na g mn g st — Rascdhtmhnbg mn g st 
(3 ' 4) - V a V c {h bm h nd g mn ) + V a V d {h bm h nc g mn ) 

+ V b V c {h am h nd g mn ) - V b V d {h am h nc g mn ) 

+ 2\A\ 2 (h ad h bc — h ac h bd ) 

+ 2{V m h ad V n h bc - V m h ac V n h bd )g mn . 
Then we want to replace B abcd by 



h a b — —\A\ h ab . 



Babcd {Rmabs (h ms h ab h mb h as ) } {R mc ds (h ms h cd h md h cs )}g g 
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and replace terms including V/i, VV/i by C and VC respectively. 
That is 




(3.5) 




— h am hbsh cn hdtg mn g s + h am hbsh dn h c tg mn g s 

+ h ad h bc \A\ 2 — h arn h ds h nt h bc g mn g st — h bm h cs h nt h ac ig mn g 

— h ac h bd \A\ 2 + h am h cs h nt h bd g mn g st + h bm h ds h nt h ac g mn g 



(h bm h nc g mn ) + V b V c (h arn h nd g mn ) 
— ^b^d(h am h nc g mn ) + 2{SJ m h ad V n hb c g mn — V m h ac V n hbdg mn ) 

= — V c (V a /ift m — V bh a m)hndg mn — V a (V c /irf m — V d h cm )h nb g mn 
+ Vd(V a /ife m — V ' bh arn )h nc g mn — Vf>(V c /idm — V ' dh C m)h na g mn 

— (y 'ah bm — V ' b h am )(y ' c h dn — V ' d h cn )g mn 

— iy a h dm — V m h ad )V ch bn g mn — (y dham — V m /i a d) V bh cn g mn 

+ (y ah C m — V ' m /i aC )V ' dhbng^ + (V c /i am — V m h ac ) V b h dn g mn 

+ (V m /ife c — V c h mb ) V n h ad g mn + (y m h bc — V b h mc )V n h ad g mn 

— (y m h bd — V d^mftjV ' n h ac g mn — (y m hbd — V \h md y ' n h ac g mn 



Let us denote curvature tensor by i?m and denote any tensor product 
of two tensors S" and T by S * T when we do not need the precise 
expression. Therefore, if we replace terms including Rm* h* h by term 
G * h * h, with (13.41) ( 13.51) ( 13. 6ft and by some calculation we obtain 



(3.7) ( A)G = G*G + G*h*h + VC*h + C *Vh + C *C, 



and 
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where G^ k \ — Rijki — (hiihjk ~ hikhji) an d CV/fc — ^ihj k — Vj/tjfc. 
Since we have 

—Vi(Ahjk — Rj m h n kg mn — Rk m h n jg mn + 2hj m h ns h tk g mn g s — \A\ h jk ) 

— (^-Q^ljjhik + ViRkmh n jg mn + V ' kRi m h n jg mn — V m Ri k h n jg mn 

— Vih km h ns h t jg mn g st — Vih ms h nk h t jg mn g st — V k h im h ns h t jg mn g st 

— Vkh ms h ni h t jg mn g st + V m h is h n jh tk g mn g st + V m h ks h n jh ti g mn g st 
and 

A(V^ fe ) = <? m "V m V n (V^- fc ) 
=Vi(Ahj k ) + RinN n hj k g mn + 2(R mi j S V n h tk + R m i ks V n h t j)g mn g st 

+ V ' jRi m h nk g mn — V m Rijh nk g mn + V k R im h n jg mn — V m R ik h n jg mn . 
So we get 

(|- A ) v - ft * + (l r «K 

_ _ p V7 /, „mn _ p V7 /) n mri 
fi'jm V i' ''nkg ^km V j/ Injy 

— RimS nhj k g mn + V ' i(2hj m h ns h tk g mn g st — \A\ 2 hj k ) 

Vp !, mn V7 p l rrm 
I , x> i-L^jm' t-nkg v j^im'^nkg 

2(Rmijs^ ' n,h-tk Rmiks^ 'nh'tj'jd 9 

— V ih km h ns h t jg mn g st — Vih ms h nk h t jg mn g st 

— V khi m h ns htjg mn g st — V ' kh ms h n ihtjg mn g st 
+ V ' mhish tk h n jg mn g st + V m h ks h ti h n jg mn g st . 

Then in the moving frame we obtain 

" A ) ^ + + (| r Q^ F a^ F c 

= — V a h cm h ns htbg mn g st — V a h m bh ns ht c g mn g st 

— V m hbch n shtag mn g st + 2^7 a hb m h ns h tkc g mn g st 

(3.9) 



+ 2V a h cm h ns h t bg mn g st + 2V a h ms h n bh tc g mn g st 



— 2V a h ms h nt h bc g mn g st - V a h cm h ns h tb g mn g st 

— V a h ms h n bht c g mn g st — V cha m h ns htbg mn g st 
+ V m h as h n bh tc g mn g st + V m h cs h n bh ta g mn g st 

— 2R ma b s V n h tc g mn g st — 2R macs V n h tb g mn g st ■ 

Then we replace terms including Vh by C and terms including i?m by 
G. Finally, we have 

(3.10) (— - A^jC = -\A\ 2 C + C * h* h + C * Rm + G *Vh 



Combing (I3.7IUI3.1UI) . we obtain 

(!-a)(| G |W) 

<Ci(|G| 2 + \C\ 2 ) - 2|VG| 2 - 2|VCf 
( 3 - n ) + (G,G*G + G*h*h + VC*h + C *Vh + C*C) 
+ (C, -\A\ 2 C + C*h*h + C*Rm + G*Vh) 
<C 2 (\G\ 2 + \C\ 2 ) 

where we use Cauchy-Schwarz inequality, and for < t < 5 we have 
bounded |i2ra|, \A\, |V/i|. Thus, by the standard maximum principle 



±(\G\ 2 + \C\ 2 ) max < C 2 (\G\ 2 + \C\ 2 ] 



max ; 



dt 
we get 

(|G| 2 + \C\ 2 ) max (t) < e c *\\G\ 2 + \C\ 2 ) max (0). 

Since (|G| 2 + \C\ 2 ) max (0) = 0, the Gauss-Codazzi equations are pre- 
served as long as the solution exists. □ 

In the following we will still call hij(x,t) the second fundamental 
form and its trace H the mean curvature. 

4. Evolution of metric and curvature 

Using Gauss-Codazzi equations, we rewrite our evolution equations 
in the following 

Proposition 4.1. 

d 

(4.1a) —g ll = 2Hh ij 

(4.1b) - Ajhij = 2Hh im h nj g m " - \A\ 2 h 

(4.1c) (|-A)iT=-irW 



1.1 



2 



(4.1d) (^-A)|A| 2 = -2|VA| 2 -2|A| 4 . 



Since /i^ is positive at t = and M is compact, there are some 
e > cm<i /3 > 0,such that /3Hgij > hy > eHg^ at t — holds on M. 
We want to show that inequality remains true as long as the solution 
of our evolution equation (11.11) exists. For this purpose we need the 
following maximum principle for tensor on manifolds, which is proved 
in p. 

Let u k be a vector field and let Mij and be symmetric tensors on 
a compact manifold M which may all depend on time t. Assume that 
Nij = p(Mij,gij) is a polynomial in My formed by contracting products 
of Mij with itself using the metric. Furthermore, let this polynomial 
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satisfy a null-eigenvector condition, i.e. for any null-eigenvector X of 
Mij we have N ij X i X j > 0. Then we have 

Theorem 4.2 (Hamilton). Suppose that on < t < T the evolution 
equation 

d 

—Mij = A + u k V k M l3 + Nij 

holds, where = p(Mij,gij) satisfies the null-eigenvector condition 
above. If Mij >0att = 0, then it remains so on < t < T . 

An immediate consequence is 

Proposition 4.3. If eHg^ < hy < ^Hg^, and H > at t = 0, then 
these remain so as long as the solution of (11.11) exists. 

Proof. First, by using maximum principle on 

(|-A)*=-*W" 

we know if > as long as the solution of (11.11) exists. 
Then we consider 

M^ = hij - sHgij 
dMjj _ dhjj _ dH_ _ dgij 
dt ~ dt £ dt 9l] dt 

= Ahij + 2Hh im h nj g mn - \A\ 2 h l3 

- e(AH - \A\ 2 H)gij - eH(2Hhij) 
= A M^ + 2Hh im h nj g mn 

- \A\ 2 (hij - eEg t j) - 2sH 2 hij 

For any null vector v l of My, we have 

[2Hh m h nj g mn - \A\ 2 (hij - eHgij) - 2eH 2 h ij ]v j 
= 2Hh im g mn (eHv n ) - 2eE 2 {eEv l ) 
= 2H(eHvi)eH - 2eH 2 (eHvi) 
= 

Thus, eHgij < follows from theorem 14.21 Then < (3Hgij follows 
in the same way. □ 

Finally, we state the higher derivative estimate in the following propo- 
sition. 

Proposition 4.4. There exist constants C m ,m = 1,2, ■ ■ • , such that 
if the second fundamental form of a complete solution to our evolution 
equation is bounded by 

\A\ < M 
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up to time t with < t < 1/M , then the covariant derivative of the 
second fundamental form is bounded by 

\VA\ < dM/Vt 

and the m th covariant derivative of the second fundamental form is 
bounded by 

|V"M| < C m M/tT. 
Here the norms are taken with respect to the evolving metric. 

Proof. By direct caculation, for any m we have an equation 
(-^-A)|V"M| 2 = -2|V m+1 A| 2 + VM * V J 'A * V fe A * V W A 

i+j+k=m 

So we can follow the same way using a somewhat standard Bernstein 
estimate in PDEs to get our theorem (see [I] for Ricci flow). □ 

5. MONOTONICITY FORMULA AND LONG TIME BEHAVIORS 

First, by positivity of we have 

H 2 /n < \A\ 2 < H 2 . 

Then from (4.1c) we get 

Thus by maximum principle we obtain 
(5.1) 1 < H{t) < ' 



2t+T7T^ J4t 



With applying maximum principle on (4. Id) again, we have 

1 



\A\\t) < 



2t + 



Since 



2nt + 



\A\ 2 max (0) 

' < H 2 (t)/n < \A\ 2 (t), 



we get 

(5.2) l — — < \A\ 2 (t) < . 

In particular, (15. 2p implies 

\A\ — > as t — > +oo. 

Combining with our derivatives estimate (Proposition 4.4) we know the 
solution of our evolution equation ( 11. ip exists for all the time. 

We need the following monotonicity formula to understand the long 
time behaviors of the solution to (11. ip . 
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Proposition 5.1. If {gij(t),hij(t)) is the solution of (II. ip . then we 
have the formula 

or r \wh\ 2 f 1 

— / H n dfMt = -n(n-l) / 1 H n dfi t -n / H gij \ 2 H n d^ t . 

ot Jm Jm M Jm n 

Proof. It follows from the evolution equations of Proposition 4.1 and 
direct calculation. □ 

From proposition 5.1 we know 
(5.3) < / H n dfi t < C 



M 



for all t G [0, +oo). 
This implies 



'o Jm H 2 




2 

-H n d^ t < oo 




o Jm 



\hij - -Hg i:j \ 2 H n dfi t < oo 
n 



In particular, there is a sequence t k — > +oo such that 



\VH 



2 



(5.4) t k / 1 H n dnt k ^0 as fc -> oo 

Jm 

and 

(5.5) t k I \hij Hgij\ 2 H n dfi tk ^ as k — ► oo. 

Denote by 

1 

| | max (^fc) 

We parabolically scale the solution and shift the time t k to the origin 
°> 

&*(•>*) = £ k 2 9ij(-,tk + 4t)i 
h l t j (;t) = e k 1 h ij (;t k + e 2 k t), 
where t G [— +oo). 
We can check that (g^(-,t), hfj(-,t)) is still a solution to (11.11) . 

^ |2 _ ]i(-,t fc + e 2 fc t)l 2 

and (15.21) . it follows that 

(5.6) i-<|i fc (.,t)| 2 <C 1 forfG[-t fc /2e|,0], 

where the constant Ci is independent of k. 

By our derivatives estimate (Proposition 4.4), the uniform bound of 
the second fundamental form |A fc (-,t)| implies the uniform bound on 
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all the derivatives of the second fundamental form at t — for all k. 
By Gauss equation we have uniform bound of the curvature and all the 
derivatives of the curvature at i = for all k. 
By ( I5.3P we know 

r (H k (-,0)) n dfio<C 2 . 



IM 

Combining with (15. ip it follows 

(5.7) Vo\(M,g^(;0))<C 3 . 

On the other hand, by Proposition 4.3, (I5.2p and Gauss equation we 
have 

(5.8) 0>-i->sec(M,^(.,0))>-l. 

With (15.81) and (15.71) . we can get the uniform upper bound on their 
diameters and uniform lower bound on their volumes by using the fol- 
lowing theorem . 

Theorem 5.2 (Gromov[8j). Let M be an n- dimensional closed Rie- 
mannian manifold of negative curvature and Sec(M) > — 1. Ifn>8, 
then Vol(M) > C(l + d{M)) and for n=4, 5,6,7, Vol{M) > C(l + 
c? 1 / 3 (M)), where we denote volume of M by Vol(M), diameter of M by 
d(M) and the constant C > depends only on n. 

Now we know (M, gfj(-, 0), h^(-, 0)) is a sequence which have uniform 
bound on sectional curvature, uniform upper bound on diameters and 
uniform lower bound on volumes. Using cheeger's Lemma in [6] we 
have the uniform lower bound of their injective radii with respect to 
gfj(-,0) for n > 4. Then we can apply the same argument of Hamil- 
ton's compactness theorem in [2] to extract a convergent subsequence 
(M,g%(-,0),h%(-,0)) from (M, 0), fyfi, 0)). More precisely, there 

is a triple (Moo, gfj(-, 0), h°°{-, 0)) and a sequence of diffeomorphisms 
: Mqo - *• Mi. Notice that is diffeomorphism to M, since we have 
uniform diameter bound. And the pull-back metrics 0) an d 

the pull-back second fundamental forms (fi)*h^(-, 0) converge in C°° 



topology to 0), /*£(.,())) . 

From (15.41) and (15. 5p we obtain 

\VH kl \ 2 (0 ), ~ 



2 r |vg fc f (o) ^ ^ as 

1 h J M (H k ^(o) v 1 y 1 



oo 



and 

**W l^--^g| 2 ( )(^) n (0)^-0 as /-oo. 

JM n 



Here the norm is taken with respect to <7jj(0). 

Notice that tk t e k 2 and \H hl (0)\ and Vol(M, 0)) have uniform lower 
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bound, we have 

\VH kl \(0)^0 as l^oo 

and 

\h% - -H kl g%\(0) ^0 as I -> oo. 
J n J 

Therefore, by Gauss equation, we know the sectional curvature of 
(M oo ,^(-,0),%(-,0)) is a constant (= -1/ra). 
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